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Abstract

Using the hypersingular integral equation method based on body force method, a planar crack meeting the interface

in a three-dimensional dissimilar materials is analyzed. The singularity of the singular stress field around the crack front

terminating at the interface is analyzed by the main-part analytical method of hypersingular integral equations. Then,

the numerical method of the hypersingular integral equation for a rectangular crack subjected to normal load is

proposed by the body force method, which the crack opening dislocation is approximated by the product of basic

density functions and polynomials. Numerical solutions of the stress intensity factors of some examples are given.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In recent decades, the use of new materials is increasing in a wide range of engineering field and the

accurate evaluation of interface strength in dissimilar materials becomes very important. Considerable

researches have been done to evaluate the stress intensity factors and crack opening displacement for cracks

in dissimilar materials (Cook and Erdogan, 1972; Lee and Keer, 1986; Chen and Nisitani, 1993). However,
most of these works are on two-dimensional cases. Due to the difficult of mathematics, there are no any

analytical methods for three-dimensional crack problems. However several numerical methods are avail-

able, such as the hypersingular integral equation method combined with boundary element method (Qin

et al., 1997; Helsing et al., 2001). Lee and Keer (1986) evaluated the stress intensity factors of a crack

meeting the interface by a body force method, but they did not give the singularity and the singular stress

field near the crack front at the interface. Noda et al. (1999) studied mixed modes stress intensity factors of

an inclined semi-elliptical surface crack by a body force method, in which the unknown body force densities
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were approximated by the products of fundamental density functions and polynomials. This numerical

method was applied by Wang et al. (2001) to investigated the stress intensity factors of a 3D rectangular

crack using body force method.

In the present paper, a hypersingular integral equation method based on the body force method is
applied to solve the problem of a three-dimensional vertical crack meeting at an interface. Based on the

analytical solution of singular stress field near the crack front, and the numerical approach suggested

by Noda et al. (1999) will be improved to obtain highly reliable numerical results of stress intensity fac-

tors.

2. General solutions and the hypersingular integral equation for a planar crack meeting the bimaterial interface

A fixed rectangular Cartesian system xi (i ¼ 1, 2, 3) is used. Consider two dissimilar half-spaces bonded

together along the x1–x3 plane. Suppose that the right half-space (x2 plane) is occupied by an elastic medium
with elastic constants (l1; m1) and the left half-space (�x2 plane) is occupied by an elastic medium with

elastic constants (l2; m2). There is a rectangular crack terminating at the bimaterial interface as shown in

Fig. 1. The crack is assumed to be in a plane normal to the x3 axis, and subjected to a normal load. Based on
the body force method (Lee and Keer, 1986), the displacements in the left and right materials can be ex-

pressed as

umi ðxÞ ¼
Z
S
T m
i3 ðx; nÞ~uu3ðnÞdsðnÞ i ¼ 1; 2; 3; m ¼ 1; 2 ð1Þ

where ~uu3 ¼ uþ3 � u�3 is the crack opening dislocation, the superscripts 1 and 2 denote the right and left

materials respectively, and

T 1
13ðx; nÞ ¼

ðx1 � n1Þ
2pðj1 þ 1Þ

1� j1

2r31

�
þ 3x23

r51
� Aj1ðj1 � 1Þ

2r32
þ 6Ax2n2

r52
� 3Að3� j1Þx2ðx2 þ n2Þ

r52
þ 3Aj1x23

r52

� 30Ax2n2x23
r52

þ 1

2
ðAj2

1 þ 2Aj1 þ B� 2CÞ 1

r2r23

�
� 2x23
r22r

3
3

� x23
r32r

2
3

��
ð2Þ

Fig. 1. Problem configuration.
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T 1
23ðx; nÞ ¼

1

2pðj1 þ 1Þ ðx2

(
� n2Þ

1� j1

2r31

�
þ 3x23

r51

�
þ ð6A� 5Aj1Þðx2 þ n2Þ þ 6Aðj1 � 1Þn2

2r32

þ 6Ax2n2ðx2 þ n2Þ
r52
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r52
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� 1

2
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r2r3

�
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2
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�)
ð3Þ

T 1
33ðx; nÞ ¼

x3
2pðj1 þ 1Þ

j1 � 1

2r31

�
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r51
þ 2C � Aj1ð3þ j1Þ

2r32
þ 18Ax2n2
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3
3

� x23
r32r

2
3

��
ð4Þ

T 2
13ðx; nÞ ¼

ðx1 � n1Þ
2pðj1 þ 1Þ

ð1� j1Þð1þ Aj1Þ
2r31

�
þ 3ð1þ Aj1Þx23

r51
þ 1

2
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1 þ 2Aj1 þ B� 2CÞ

� 1

r1r24

�
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ð5Þ

T 2
23ðx; nÞ ¼

1
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ð1� j1Þð1� AÞðx2 � n2Þ � 2ðA� BÞx2
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T 2
33ðx; nÞ ¼

x3
2pðj1 þ 1Þ

2C þ 2j1 � 2Aj1 � ð1þ j1Þð1þ Aj1Þ
2r31

�
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and

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � n1Þ2 þ ðx2 � n2Þ2 þ x23

q
; r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � n1Þ2 þ ðx2 þ n2Þ2 þ x23

q
; r3 ¼ r2 þ x2 þ n2;

r4 ¼ r2 � x2 þ n2; A ¼ ð1� CÞ=ð1þ j1CÞ; B ¼ ðj2 � j1CÞ=ðC þ j2Þ; S ¼ ð1� CÞ=ð1þ CÞ;
C ¼ l2=l1; C ¼ Sðj1 þ 1Þ; j ¼ 3� 4m

The corresponding stress field is given as follows:

r1
ijðxÞ ¼

Z
S

2l1m1
1� 2m1

oT 1
k3ðx; nÞ
oxk

dij

(
þ l1

oT 1
i3ðx; nÞ
oxj

"
þ
oT 1

j3ðx; nÞ
oxi

#)
~uu3ðnÞdsðnÞ j; k ¼ 1; 2; 3 ð8Þ

r2
ijðxÞ ¼

Z
S

2l2m2
1� 2m2

oT 2
k3ðx; nÞ
oxk

dij

(
þ l2

oT 2
i3ðx; nÞ
oxj

"
þ
oT 2

j3ðx; nÞ
oxi

#)
~uu3ðnÞdsðnÞ ð9Þ
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Using the boundary condition, the hypersingular integral equation for unknown function ~uu3 can be ob-

tained (Lee and Keer, 1986)

l1

pðj1 þ 1Þ S

1

r31

�
þ K0ðx; nÞ


~uu3ðnÞdsðnÞ ¼ �pðxÞ ð10Þ

where is the symbol of the finite-part integral, and

K0ðx; nÞ ¼
2Sðj1 þ 1Þ � 3Aðj2

1 � 2j1 þ 3Þ
2r32

þ 3A½12x2n2 � ð3� j1Þðj1 � 1Þðx2 þ n2Þ2�
2r52

þ 3ðB� 2S þ 2Aj1 þ Aj2
1 � 2Sj1Þ

2r2r23
ð11Þ

in which r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � n1Þ2 þ ðx2 � n2Þ2

q
, r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � n1Þ2 þ ðx2 þ n2Þ2

q
. Notice that Eq. (10) is a hypersin-

gular integral equation, and can be numerically solved.

3. Singular stresses near the crack front meeting the interface

According to the theory of the hypersingular integral equation, the crack dislocation near a point n0 at

the interface can be assumed as

~uu3ðnÞ ¼ Dðn0Þnk
2 0 < ReðkÞ < 1 ð12Þ

where Dðn0Þ is a non-zero constant related to point n0, k is the stress singular index near the crack front

meeting the interface. Using the main-part analytical method (Tang and Qin, 1993) and following relations,

Se

~uu3
r31

dn1 dn2 ffi �2pkDðn0Þxk�1
2 cotðkpÞ ð13Þ

Z
Se

~uu3
r32

dn1 dn2 ffi 2pkDðn0Þxk�1
2

1

sinðkpÞ ð14Þ

Z
Se

x2n2
r52

~uu3 dn1 dn2 ffi � 2

9
pkðk2 � 1ÞDðn0Þxk�1

2

1

sinðkpÞ ð15Þ

Z
Se

ðx2 þ n2Þ2

r52
~uu3 dn1 dn2 ffi

4

3
pkDðn0Þxk�1

2

1

sinðkpÞ ð16Þ

Z
Se

~uu3
r2r23

dn1 dn2 ffi
2

3
pkDðn0Þxk�1

2

1

sinðkpÞ ð17Þ

where Se is a small area on crack surface near point n0, from Eq. (10), the stress singular index can be
determined by

4Ak2 þ 2 cosðkpÞ � A� B ¼ 0 ð18Þ

This is coincident with the characteristic equation for the two-dimensional case (Cook and Erdogan, 1972;
Chen and Nisitani, 1993). The stress intensity factors along the crack front meeting the interface and the

inner crack front are defined as
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KI;k ¼ lim
r!0

r33ðr; hÞjh¼pð2rÞ
1�k ð19Þ

KI ¼ lim
r!0

r33ðr; h0
1Þjh01¼0

ffiffiffiffiffi
2r

p
ð20Þ

Based on relation (12), the singular stress field around the crack front terminating at the interface can be
obtained by the main-part analytical method. For a point p near the crack front point n0 in the right

material, using following relations,

Z
Se

~uu3
r31

dn1 dn2 ffi
2pDðn0Þrk�1 sinðp � hÞk

sinðkpÞ sin h
ð21Þ

Z
Se

~uu3
r32

dn1 dn2 ffi
2pDðn0Þrk�1 sin kh

sinðkpÞ sin h
ð22Þ

Z
Se

3

r2r23

�
� 6x23
r32r

2
3

� 12x23
r22r

3
3

þ 6x43
r32r

4
3

þ 6x43
r42r

3
3

þ 3x43
r52r

2
3


~uu3 dn1 dn2 ffi

2pkDðn0Þrk�1 cosð1� kÞh
sin kp

ð23Þ

where r1 ¼ ½ðx1 � n1Þ2 þ ðx2 � n2Þ2 þ x23�
1=2
, r2 ¼ ½ðx1 � n1Þ2 þ ðx2 þ n2Þ2 þ x23�

1=2
, the singular stress can be

expressed by

r1
33ðpÞ ¼

KI;k

/ð2rÞ1�k f�2ð1� kÞ sin h sinðpk þ 2h � khÞ � 2 cosðpk þ h � khÞ

þ ½Að1� 2kÞð2þ kÞ þ B� cosð1� kÞh � Að1� kÞð1� 2kÞ cosð3� kÞhg ð24Þ

here / ¼ ð2� A� Bþ 2kA� 2kBÞ. For a point p near the crack front point n0 in the left material, using

(21) and following relations,

Z
Se

3

r1r24

�
� 6x23
r31r

2
4

� 12x23
r21r

3
4

þ 6x43
r31r

4
4

þ 6x43
r41r

3
4

þ 3x43
r51r

2
4


~uu3 dn1 dn2 ffi � 2pkDðn0Þrk�1 cosðpk þ h � khÞ

sin kp
ð25Þ

Z
Se

3

r31r4

�
þ 3

r21r
2
4

� 18x23
r51r4

� 18x23
r41r

2
4

� 12x23
r31r

3
4

þ 15x43
r71r4

þ 15x43
r61r

2
4

þ 12x43
r51r

3
4

þ 6x43
r41r

4
4


~uu3 dn1 dn2

ffi pkð1� kÞDðn0Þrk�1

sin kp
½cosðpk þ h � khÞ þ cosðpk þ 3h � khÞ� ð26Þ

the singular stress can be expressed by

r2
33ðpÞ ¼

KI;k

/ð2rÞ1�k ½2ð1� kÞðB� 1Þ sin h cosðpk þ 3h � khÞ � k cosðpk þ h � khÞ� p
2
6 h6

3p
2

ð27Þ

Other stresses near point n0 can be obtained by use of above method. In the case of homogeneous materials,

solutions (24) and (27) are the same as that obtained by Tang and Qin (1993). The stress intensity factors

along the crack front meeting the interface can be rewritten as follows:

KI;k ¼ lim
n2!0

l1kc~uu321�k

ðj1 þ 1Þðsin kpÞnk
2

ð28Þ

T.Y. Qin, N.A. Noda / International Journal of Solids and Structures 40 (2003) 2473–2486 2477



4. Numerical procedure

Using its behavior near the crack front, the crack dislocation of a rectangular crack can be written as

~uu3ðn1; n2Þ ¼ F ðn1; n2Þnk
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � n21Þð2b� n2Þ

q
ð29Þ

To solve the unknown function ~uu3, the unknown function F ðn1; n2Þ is approximately expressed

F ðn1; n2Þ ¼
XM
m¼0

XN
n¼0

amnn
m
1 nn

2 ð30Þ

where amn is unknown constant. Substituting (29) and (30) into (10), a set of algebraic linear equations for
unknown amn can be obtained

XM
m¼0

XN
n¼0

amnImnðx1; x2Þ ¼ � pðj1 þ 1Þ
l1

pðx1; x2Þ ð31Þ

where

Imnðx1; x2Þ ¼ I1mnðx1; x2Þ þ I2mnðx1; x2Þ ð32Þ

in which

I1mnðx1; x2Þ ¼
S

1

r31
nm
1 nkþn

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � n21Þð2b� n2Þ

q
dn1 dn2 ð33Þ

I2mnðx1; x2Þ ¼
Z
S
K0ðx; nÞnm

1 nkþn
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � n21Þð2b� n2Þ

q
dn1 dn2 ð34Þ

The integral (34) is general ones, and can be numerically calculated. The integral (33) is hypersingular, and

must be treated before being numerically evaluated. Using the Taylor�s expansion and the polar coordinates
n1 � x1 ¼ r1 cos h1, n2 � x2 ¼ r1 sin h1 as shown in Fig. 2, following relations can be obtained

Fig. 2. Integral parameters.
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nm
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � n21

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p
� x1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x21
p r1 cos h1 � Q1ðx1; n1; h1Þr21; m ¼ 0

xm1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p
þ xm�11ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x21
p ½ma2 � ðmþ 1Þx21�r1 cos h1 þ Q2ðx1; n1; h1Þr21; m > 0

8>><
>>: ð35Þ

nkþn
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b� n2

p
¼ xkþn

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b� x2

p
þ xkþn�1

2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b� x2

p ½4bðk þ nÞ � ð2k þ 2nþ 1Þx2�r1 sin h1 þ Q3ðx2; n2; h1Þr21

ð36Þ
where

Q1ðx1; n1; h1Þ ¼
a2ðx1 þ n1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x21
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x21
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � n21

q� �
n1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

p
þ x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � n21

q� � cos2 h1 ð37Þ

Q2ðx1; n1; h1Þ ¼

1

2ða2 � x21Þ
3=2

½mðm� 1Þa4xm�21 � ðm2 þ 1Þa2xm1 þ mðmþ 1Þxmþ21 � cos2 h1; n1 ¼ x1

1

r21
nm
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � n21

q
� xm1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x21

q
� xm�11ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � x21
p ½ma2 � ðmþ 1Þx21�ðn1 � x1Þ

( )
; n1 6¼ x1

8>>><
>>>:

ð38Þ

Q3 ¼

xkþn�2
2

2ða2 � x21Þ
3=2

f16ðk þ nÞðk þ n� 1Þb2 � 8bðk þ nÞð2k þ 2n� 1Þx2 þ ½4ðk þ nÞ2 � 1�x22g sin
2 h1; n2 ¼ x2

1

r21
nkþn
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b� n2

p
� xkþn

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b� x2

p
� xkþn�1

2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2b� x2

p ½4bðk þ nÞ � ð2k þ 2nþ 1Þx2�ðn2 � x2Þ
� �

; n2 6¼ x2

8>>><
>>>:

ð39Þ
Using relations (35) and (36), the kernel of integral (34) can be written as follows:

nm
1 nkþn

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 � n21Þð2b� n2Þ

q
¼ D0ðx1; x2Þ þ D1ðx1; x2; h1Þr1 þ D2ðx1; x2; r1; h1Þr21 ð40Þ

where D0ðx1; x2Þ, D1ðx1; x2; h1Þ, and D2ðx1; x2; r1; h1Þ are known functions. Using the finite-part integral
method and relation (40), the hypersingular integral (33) can be reduced as

I1mnðx1; x2Þ ¼
Z 2p

0

�
� D0ðx1; x2Þ

Rðh1Þ
þ D1ðx1; x2; h1Þ lnRðh1Þ þ

Z Rðh1Þ

0

D2ðx1; x2; r1; h1Þdr1

dh ð41Þ

Now the integral in (33) is general, and can be calculated numerically. From (12), (28) and (29), the stress
intensity factor at the crack front point n0 on the interface can be evaluated as follows:

KI;k ¼
l1k½2� ð1� 2kÞA� ð1þ 2kÞB�

ðj1 þ 1Þ sinðkpÞ 21�k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bða2 � x21Þ

q
F ðx1; 0Þ � a6 x1 6 a ð42Þ

5. Numerical results

Consider a rectangular crack meeting the interface in three-dimensional infinite elastic solid under a
uniform tension load r1

33 in infinity. In demonstrating the numerical results, the following dimensionless

stress intensity factor of the interface crack front F1;k and inner crack front F1 will be used
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F1;k ¼ KI;k=r
1
33b

1�k ð43Þ

F1 ¼ KI=r
1
33

ffiffiffi
b

p
ð44Þ

5.1. Compliance of boundary condition and convergence of numerical solutions

Fig. 3 shows the compliance of the boundary condition along the crack surface for a=b ¼ 1, l2=l1 ¼ 2,

m1 ¼ m2 ¼ 0:3, where the collocation point number is 400 (20� 20). In solving the algebraic equation (31),

the least square method is applied to minimize the residual stress at the collocation points. It is shown that

the remaining stress ððr33=r1
33Þ þ 1Þ on the crack surface is less than 4:5� 10�4 when M ¼ N ¼ 9, less than

3:3� 10�5 when M ¼ N ¼ 11, and less than 1:4� 10�5 when M ¼ N ¼ 13.

In the case of homogeneous materials, the numerical results of dimensionless stress intensity factor with

increasing the polynomial exponents are given in Tables 1 and 2 for different number of collocation points,
and compared with those given by Wang et al. (2001). It is shown that the results are convergent, and the

collocation point number 20� 20 and the polynomial exponents M ¼ N ¼ 9 are enough for a satisfied

result precision in this case. In general, too large polynomial exponents cannot give reliable results. The

polynomial exponents M , N depend on the collocation point number. For the polynomial exponents

M ¼ N ¼ 16, the results of the collocation point number 20� 20 are not good, but the ones of the col-

location point number 30� 30 are satisfied. The maximum stress intensity factor is F1;k ¼ 0:7534, and is the
same as that obtained by Helsing et al. (2001) and Wang et al. (2001). In general case, Tables 3 and 4 give
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the convergence of the dimensionless stress intensity factors with increasing the polynomial exponents for
l2=l1 ¼ 0:001 and l2=l1 ¼ 10 at points (0; 0) and (0; 2b).

5.2. Comparison with the two-dimensional case

If the crack is very long, e.g. a=b is very large, and tend to infinity, it is degenerated to a two-dimensional
crack problem. For the case of a=b ¼ 8, the polynomial exponents M ¼ N ¼ 9, and the collocation point

Table 3

Convergence of F1;k and F1 for a=b ¼ 1, l2=l1 ¼ 0:001, m1 ¼ m2 ¼ 0:3, collocation points 20� 20 at x1 ¼ 0

F1;k (x2 ¼ 0) F1 (x2 ¼ 2b)

M ¼ N ¼ 6 0.001524 0.8076

M ¼ N ¼ 7 0.001524 0.8075

M ¼ N ¼ 8 0.001523 0.8085

M ¼ N ¼ 9 0.001523 0.8086

Table 1

Convergence of dimensionless stress intensity factor F1;k along x2 ¼ 0 with increasing the polynomial exponents M ¼ N

x1=a

0/11 1/11 2/11 3/11 4/11 5/11 6/11 7/11 8/11 9/11 10/11

M ¼ 4 0.7557 0.7536 0.7473 0.7370 0.7229 0.7050 0.6824 0.6530 0.6117 0.5471 0.4295

M ¼ 6 0.7527 0.7512 0.7465 0.7381 0.7252 0.7069 0.6825 0.6511 0.6099 0.5504 0.4431

M ¼ 7 0.7527 0.7512 0.7465 0.7381 0.7252 0.7069 0.6825 0.6511 0.6099 0.5504 0.4431

M ¼ 8 0.7536 0.7518 0.7464 0.7374 0.7245 0.7067 0.6829 0.6512 0.6092 0.5504 0.4493

M ¼ 9 0.7536 0.7518 0.7464 0.7374 0.7244 0.7067 0.6829 0.6512 0.6092 0.5503 0.4493

M ¼ 10 0.7534 0.7517 0.7465 0.7376 0.7245 0.7065 0.6827 0.6511 0.6088 0.5499 0.4523

M ¼ 11 0.7534 0.7517 0.7466 0.7376 0.7245 0.7065 0.6827 0.6511 0.6087 0.5499 0.4520

M ¼ 12 0.7534 0.7518 0.7466 0.7376 0.7244 0.7065 0.6827 0.6510 0.6084 0.5493 0.4525

M ¼ 13 0.7534 0.7517 0.7465 0.7375 0.7245 0.7065 0.6826 0.6510 0.6086 0.5494 0.4543

M ¼ 16 0.7543 0.7530 0.7485 0.7392 0.7248 0.7056 0.6811 0.6488 0.6077 0.5530 0.5529

Wang 0.7534 0.7517 0.7465 0.7376 0.7245 0.7066 0.6828 0.6512 0.6086 0.5492 0.4536

a=b ¼ 1, l2=l1 ¼ 1, m1 ¼ m2 ¼ 0:3, collocation points 20� 20.

Table 2

Convergence of dimensionless stress intensity factor F1;k along x2 ¼ 0 with increasing the polynomial exponents M ¼ N

x1=a

0/11 1/11 2/11 3/11 4/11 5/11 6/11 7/11 8/11 9/11 10/11

M ¼ 4 0.7566 0.7543 0.7476 0.7367 0.7221 0.7038 0.6813 0.6527 0.6128 0.5502 0.4342

M ¼ 6 0.7522 0.7508 0.7466 0.7385 0.7257 0.7072 0.6823 0.6502 0.6091 0.5512 0.4473

M ¼ 7 0.7522 0.7508 0.7466 0.7356 0.7258 0.7072 0.6823 0.6502 0.6091 0.5512 0.4473

M ¼ 8 0.7539 0.7519 0.7463 0.7371 0.7242 0.7068 0.6833 0.6513 0.6085 0.5498 0.4519

M ¼ 9 0.7539 0.7519 0.7463 0.7371 0.7242 0.7068 0.6833 0.6513 0.6085 0.5498 0.4519

M ¼ 10 0.7533 0.7517 0.7466 0.7377 0.7245 0.7064 0.6827 0.6514 0.6087 0.5491 0.4535

M ¼ 11 0.7533 0.7517 0.7466 0.7377 0.7245 0.7064 0.6827 0.6514 0.6087 0.5491 0.4535

M ¼ 12 0.7535 0.7517 0.7465 0.7376 0.7245 0.7066 0.6827 0.6512 0.6087 0.5488 0.4540

M ¼ 13 0.7535 0.7517 0.7465 0.7376 0.7245 0.7066 0.6828 0.6513 0.6087 0.5488 0.4540

M ¼ 16 0.7534 0.7517 0.7465 0.7376 0.7245 0.7066 0.6829 0.6514 0.6087 0.5485 0.4539

a=b ¼ 1, l2=l1 ¼ 1, m1 ¼ m2 ¼ 0:3, collocation points 30� 30.
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number is 20� 20. The stress intensity factors at the center of the crack front on the interface are given in

Table 5, and compared with the result given by Chen and Nisitani (1993). In which, a ¼ ½j2 þ
1� Cðj1 þ 1Þ�=½j2 þ 1þ Cðj1 þ 1Þ�, b ¼ ½j2 � 1� Cðj1 � 1Þ�=½j2 þ 1þ Cðj1 þ 1Þ�. It is shown that the

error is large for a ! 1 ðC ! 0Þ, the maximum error is about 3.9%.

5.3. Comparison for a rectangular crack in an infinite materials and a rectangular surface crack in a half space

Now the polynomial exponents are also taken as M ¼ N ¼ 9, and the collocation point number is

20� 20. For a rectangular crack in a homogeneous material, Table 6 gives the maximum stress intensity

factor for different ratios of a=b. It is shown that present results are closed to those given by Wang et al.
(2001) and Isida et al. (1991). If l2=l1 ! 0, it is the case of a surface crack in a half space. The dimen-

sionless stress intensity factors at the crack front point (x1 ¼ 0, x2 ¼ 2b) are given in Table 7. It is shown

that present results are close to the results obtained later (Isida et al., 1991; Noda and Wang, 2000).

Table 4

Convergence of F1;k and F1 for a=b ¼ 1, l2=l1 ¼ 10, m1 ¼ m2 ¼ 0:3, collocation points 20� 20 at x1 ¼ 0

F1;k (x2 ¼ 0) F1 (x2 ¼ 2b)

M ¼ N ¼ 6 2.352 0.7281

M ¼ N ¼ 7 2.345 0.7302

M ¼ N ¼ 8 2.343 0.7293

M ¼ N ¼ 9 2.342 0.7307

Table 5

Dimensionless stress intensity factors F1;k for a=b ¼ 8 and a=b ¼ 1 (Chen and Nisitani, 1993) at x1 ¼ 0, x2 ¼ 0

b

)0.4 )0.3 )0.2 )0.1 0.0 0.1 0.2 0.3 0.4

a ¼ �0:95 a=b ¼ 8 7.79 3.83 2.45 1.78 1.36

a=b ¼ 1 7.78 3.77 2.46 1.79 1.39

a ¼ �0:65 a=b ¼ 8 6.60 3.40 2.263 1.66 1.29

a=b ¼ 1 6.73 3.39 2.254 1.67 1.30

a ¼ 0:05 a=b ¼ 8 1.45 1.16 0.985 0.825 0.708

a=b ¼ 1 1.47 1.17 0.967 0.818 0.701

a ¼ 0:65 a=b ¼ 8 0.424 0.393 0.365 0.343 0.327

a=b ¼ 1 0.434 0.400 0.373 0.351 0.331

a ¼ 0:95 a=b ¼ 8 0.074 0.073 0.072 0.073 0.075

a=b ¼ 1 0.077 0.075 0.074 0.076 0.078

Table 6

Dimensionless stress intensity factor F1;k for l2=l1 ¼ 1, m1 ¼ m2 ¼ 0:3 at x1 ¼ 0, x2 ¼ 0

a=b

1 2 4 5 8 10 1
Present 0.753 0.906 0.977 0.987 0.995 0.999 1.000

Wang 0.753 0.906 0.977 – 0.995 – –

Isida 0.756 0.907 0.977 – 0.995 – –
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5.4. Solutions for general cases

For general cases, the polynomial exponents are taken as M ¼ N ¼ 9, and the collocation point number

is 20� 20 for the following results. Table 8 and Fig. 4 give the maximum dimensionless stress intensity

factors at the center of the crack front on the interface varied with the ratio of l2=l1 for different ratios of
a=b, Table 9 and Fig. 5 give the maximum dimensionless stress intensity factors at the center of the inner

crack front parallel to the interface. It can be shown that the stress intensity factors vary more gently when

l2=l1 P 10. The dimensionless stress intensity factors along the crack front meeting the interface are shown

in Figs. 6 and 7 for different ratios of a=b and l2=l1, and compared with two-dimensional cases. It is shown

Table 7

Dimensionless stress intensity factor F1 for l2=l1 ¼ 0, m1 ¼ 0:3 at x1 ¼ 0, x2 ¼ 2b

a=b

1 2 4 8 10 1
Present 0.810 1.113 1.387 1.531 1.552 1.586

Noda 0.810 1.112 1.386 1.529 1.550 1.586

Isida 0.803 1.069 1.318 1.481 – 1.586

Table 8

Dimensionless stress intensity factor F1;k for m1 ¼ m2 ¼ 0:3 at x1 ¼ 0, x2 ¼ 0

l2=l1

0.01

(k ¼ 0:0852)

0.1

(k ¼ 0:2338)

0.5

(k ¼ 0:4255)

1.0

(k ¼ 0:5000)

2.0

(k ¼ 0:5661)

10.0

(k ¼ 0:6672)

50.0

(k ¼ 0:7013)

100.0

(k ¼ 0:7061)

a=b ¼ 1 0.015 0.122 0.456 0.754 1.17 2.34 2.97 3.08

a=b ¼ 2 0.023 0.171 0.572 0.904 1.36 2.58 3.24 3.34

a=b ¼ 8 0.032 0.215 0.651 0.997 1.46 2.69 3.34 3.44

a=b ¼ 1 0.033 0.220 0.656 1.000 1.467 2.694 3.337 3.444

0 25 50 75 100
0

0.5

1

1.5

2

2.5

3

3.5

4

St
re

ss
in

te
ns

ity
fa

ct
or

a/b=

a/b=8

a/b=2

a/b=1

12 µµ

∞
3.021 =ν=ν

F1

Fig. 4. Stress intensity factor F1;k at the center of the interface crack front (x2 ¼ 0).
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Table 9

Dimensionless stress intensity factor F1 for m1 ¼ m2 ¼ 0:3 at x1 ¼ 0, x2 ¼ 2b

l2=l1

0.0 0.1 0.5 1.0 2.0 10.0 50.0 100.0

a=b ¼ 1 0.810 0.789 0.765 0.753 0.741 0.731 0.727 0.726

a=b ¼ 2 1.11 1.02 0.938 0.906 0.877 0.844 0.835 0.833

a=b ¼ 8 1.53 1.24 1.06 0.995 0.947 0.889 0.874 0.872

a=b ¼ 1 1.586 1.267 1.067 1.0000 0.9501 0.8911 0.8753 0.8731
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that the stress intensity factor at the center of the crack front for the case of a=bP 8 is closed to that of two-

dimensional case.

6. Conclusion

A rectangular crack meeting the interface in a three-dimensional dissimilar materials subjected to a

normal load is studied by a hypersingular integral equation based on the body force method.

(1) The stress singularity and singular stress field around the crack front terminating at the interface are

obtained by the main-part analytical method. Although expressions of the displacements and stresses

in the materials are complex in modality, the solutions of singular stresses around the crack front

are briefly. Due to the complexity of the stress singularities at the crack corners, it is not discussed here.
(2) The unknown function of the hypersingular integral equation is approximated by a product of a series

of power polynomials and a fundamental solution, which exactly expresses the singularities of stresses

near the crack front. The numerical results show that this numerical technique is successful, and the

solution precision is satisfied.

(3) From the numerical solutions, it is shown that the stress intensity factors vary more gently when

l2=l1 P 10, and the stress intensity factor at the center of the crack front for the case of a=bP 8 is

closed to that of two-dimensional case.
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